Math 1B Final Review: 82 True/False Questions Dec 8, 2023

10.

11.

12.

S, (3)" converges.

n=4 \3
1

Solution: True. This is a geometric series with r = 5 < 1.
If 3" a, is absolutely convergent, then Y a,, is convergent.

Solution: True. This is a known property of absolute convergence.

[ dr = Se?®.

Solution: False. [ €**dx = %62“’ +C.

If the nonhomogeneous part of a second-order, linear, constant-coefficient differential equation is
g(x) = €”, then y,(x) = Ae” is always a valid form of the particular solution.

Solution: False. If the homogeneous solution contains and e” term, then you must boost the particular

solution by z or x2.

If f(z) < g(z) and [;° g(x) dz diverges, then [ f(z)dx diverges.

Solution: False. If the bigger function diverges, this says nothing about the smaller function. Take
f(z) =0 and g(z) = 1.

[ sin(3z) cos(2z) do = § [ [sin(5z) + sin(z)] dz.

Solution: True. This is a product-to-sum identity.

Ziio (7«}!) = %

Solution: True. This is the Taylor series expansion of e* with z = —1.

On the first day of the semester, Oski starts an ant farm. Let A(t) be the number of ants in Oski’s
ant farm ¢ days after the first day of the semester. If we model the ant population using the natural
growth model with growth rate constant & = 3, then Oski’s ant farm population adds 3 ants per day.

Solution: False. Oski’s ant farm population grows exponentially.

sin(n)

< % and limy, 00 —% = lim;, o0 % =0, it follows that lim,, Siné") =0.

Since —1 <
n

Solution: True. This is the squeeze theorem for sequences.

o0 —_
7 e~ 1=l dx converges.
— 00

Solution: True. [~ e~1ldx = f_ooo e“dr + [T e " dr = 2.

S (=1)"L converges by the Ratio Test.

n=1
Solution: False. The Ratio Test is inconclusive. The alternating harmonic series converges by the
alternating series test.

Euler’s Method gives an exact solution to a differential equation.

Solution: False. Euler’s Method is only an approximation.
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13. [° L dz converges.

Solution: False. [~ 1dx=In|z| |(1)O = o0.

14. 322 1 — converges by the Direct Comparison Test to > oo —

n=1 n3/2—2 n=1 p3/2"*

Solution: False. Direct comparison doesn’t work here because ﬁ > # Instead, you can use
the Limit Comparison Test.

15. The logistic growth equation is a linear differential equation.

Solution: False. The logistic equation % = kP(1 — P/M) is separable but not linear.

16. fj7/r§2 csc(|z|) dz = In|ese(m/2) — cot(n/2)| — In|esc(n/2) — cot(m/2)| = 0.

Solution: False. csc(x) diverges at x = 0, so you must break it into two integrals. The improper
integral diverges.

17. If we use u = 2°, then f02 22 cos(2?) dx = fO2 % cos(u) du.

Solution: False. The bounds of the integral also need to change.

18. If the interval of convergence of a power series is [0,4), then the radius of convergence is R = 2.

Solution: True. The radius of convergence is half the length of the interval.

19. 3/ =y — 2 is a separable differential equation.
Solution: True. It is y' = g(x)f(y), where g(z) = 1 and f(y) =y — 2.

20.
/2 1
/ sin® () cos?(z) do = / (1 —u?)*u? du.

0 0

Solution: True. This uses the substitution u = cos(z) together with the trig identity sin®(x) =
1 — cos?(x).

21. You can use integration by parts on improper integrals.

Solution: True. All usual integration techniques can be used on improper integrals.

22. %% (=1)"n™ diverges by the Root Test.

n=1

Solution: True. Applying the root test gives n, which diverges to oo.

23. 220:1 (%)n =2.

Solution: False. The geometric series formula starts at 0. Y, (%)n =2-1=1

24. The third-order Taylor polynomial of sinx centered at x = 0 is T5(z) = = — %

Solution: True. The third-order Taylor polynomial goes up to the =3 term.
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25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

. . 3vn+24+n"t . 0o 1 oo 1
Since limy, ;0o ==—7=—— = 3, the series Do F/m ot converges because Do 5 converges.

Solution: False. The series diverges because Z:il ﬁ diverges; it is a p-series with p = 1/2 < 1.

22 A
x2—4 T z+2

Solution: False. The degree of the numerator and denominator are both 2, so you must divide first.

+ % is a valid partial fraction decomposition.

The center of mass of the region between y = x4+ 1,y =0, x = —1, and x = 1 is in the first quadrant.

Solution: True. You can compute this using the formula or draw the graph to see that more of the
region is in the first quadrant than the second quadrant.

Zle(—l)”m converges by the alternating series test.

Solution: False. Since cos(mn) = (—1)", this series is actually equivalent to > 2 #, which is not an

n=1
alternating series. This is a convergent p-series.

In the method of variation of parameters, if the homogeneous solution is yp,(z) = Cie™* cos(3z) +
Cye~ 7 sin(3x), then the particular solution is of the form y,(z) = u;i(z)e™" cos(3x) +uz(z)e™7 sin(3z).

Solution: True. y,(x) = ui(x)y1 () + ua(z)y2().

A spring with a 3-kg mass and a damping constant 10 kg/s can be held stretched 0.5 meters beyond
its natural length by a force of 2 newtons. The spring is then stretched 4 meters beyond its natural
length and released with zero velocity. The spring constant is k = 4/2 = 2 newtons per meter.

Solution: False. The spring constant is k = 2/0.5 = 4 newtons per meter.

dG/dt = 3G(1 — 0.01G) describes logistic growth with carrying capacity 100.
Solution: True. dG/dt = 3G(1 — 0.01G) = 3G(1 — G/100).

[ 25 dz =In(a?) + C.
Solution: False. [ Jzdx=1+C.

If {a,} and {b,} are divergent, then {a, + b, } is divergent.

Solution: False. Let a, =1 and b,, = —1. This does hold for convergent sequences: if {a,} and {b,}
are convergent, then {a, + b, } is convergent.

The Lotka-Volterra predator-prey equations always have exactly one equilibrium solution.

Solution: False. There are usually two equilibrium solutions, one of which is the solution (0, 0).

If the ratio test on ZZOZO anx™ says that the power series converges for |x - %| < 1, then the radius of
convergence is R = %

Solution: False. The radius of convergence is 1. The interval of convergence is centered at = 1/3.

Every bounded, monotonic sequence is convergent.

Solution: True. This is the Monotone Sequence Theorem.
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38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

>l cos(n2)i—: is absolutely convergent.

Solution: True. Take the absolute value and compare to the geometric series with r = 3/4.

If y'/2 = sin(x) + C, then y = sin*(x) 4+ C2.
Solution: False. y = (sin*(z) + 0)2 .

A tank contains 1000 L of pure water. Brine that contains 0.05 kg of salt per liter of water enters the
tank at a rate of 5 L/min. Brine that contains 0.04 kg of salt per liter of water enters the tank at a rate
of 10 L/min. The solution is kept thoroughly mixed and drains from the tank at a rate of 15 L/min.
If S(t) is the kilograms of salt in the tank after ¢ minutes, the initial-value problem that describes this
situation is

d
d—f =0.25 - 0.0155, S(0)=0.

Solution: False. There is an additional 0.4 kg/min, so the rate in is 0.65 kg/min.

S n __ 1 _ 1
S (=3 = =gy = 4.
Solution: False. This is a geometric series with » = —3, which diverges. The formula only applies for
7| < 1.

The Maclaurin series of f(x) is the Taylor series of f(x) centered at x = 0.

Solution: True. This is the definition of a Maclaurin series.

3—% - 1—(2/3) =Y no(z/3)".
Solution: False. In fact, z— = 1_1(5}3) =150 (x/3)"m

S n*/? converges since p = 4/3 > 1.
Solution: False. This is p = —4/3 < 1, so the series diverges.

2:4-6---(2m) = 2"m

Solution: True. There are m factors, and you can factor out a 2 from each of them.

Since lim,_s o0 ﬁ =0, the series Y 7, ﬁ converges.

Solution: False. If the limit of the sequence is 0, you cannot say anything. In fact, this is a divergent
p-series with p = 1/2.

The auxiliary equation for y” 4+ 2y’ = 0 is 72 +2 = 0.

Solution: False. The auxiliary equation is r2 + 2r = 0.

If the Ratio Test is inconclusive, then you can still use a different test to determine if the series
converges.

Solution: True. If the Ratio Test is inconclusive, you can still try other tests (e.g. comparison,
alternating, etc.)
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48.

49.

50.

ol.

52.

53.

54.

55.

56.

o7.

Yoo (=1)"n diverges by the Root Test.

Solution: False. The Root Test is inconclusive for this test. The series still diverges by the Divergence
Test.

The radius of convergence of a power series can be zero.

Solution: True. Consider the power series Y~ nlz".

If the recursion relation of a series solution Y, c,2" to a second-order linear differential equation is
Cnta = %cn, then the general solution is

0o 1 e’} 1
_ § 2m E 2m—+1
(x) - m=0 2m ’ i “ m=0 2mx .

Solution: True. The even and odd terms are separate, and writing out the first several terms of the
recursion relation yields the above series.

If the homogeneous solution of a nonhomogeneous, second-order, linear, constant-coefficient differential
equation is y, (z) = C1e%* + Cye~* and the nonhomogeneous part is g(x) = z cosx, then a valid guess
for a particular solution is y,(x) = (Az + B)(C cosz + Dsinzx).

Solution: False. y,(x) = (Ax + B)cosz + (Cx + D)sinx.

[tanz dx = sec? z + C.
Solution: False. [tanzdx =1In|secz|+ C.

y(z) = e* — e~ *2 is a solution to y” —y = 0.

Solution: True. Here, C; =1 and Cy = —

Taylor’s Inequality states that if |f("*1)(z)| < M for |z — a] < 7, then the remainder R,(z) =
f(x) — T,,(z) of the Taylor series satisfies

M
|R,(z)] < g\x —a|® (for |z —al < 7).

Solution: False. |R,(z)| < %W —a|™tL,

/”/4 (10%/2 tan® 0)(1/10 sec? 9)d

w/4
0= 103/2/ tan> 0 sec 6 do.
V10 + 10tan2 6 0

/0 \/10—|—a:2

Solution: True. This is trig substitution with * = +/10tan 6.

(n!)? = (2n)!

Solution: False. (n!)? can’t be simplified further.

o2 o(=1)"z5" 2 is a power series.

Solution: True. This is still Z;O:O cpx™, but most of the ¢,’s are zero.
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99.

60.

61.

62.

63.

64.

65.

66.

67.

68.

o) 1

The harmonic series ", - diverges.

Solution: True. Use integral test.

arccos(r) = cos~1(x) = cos(z)

Solution: False. arccos(x) = cos™*(x) # ﬁl(m) = sec(x).

m = % + % + €2+D g g valid partial fraction decomposition.

242
Solution: True. This satisfies the rules for repeated linear factors and irreducible quadratics.

If > ,a,z" has radius of convergence R = 7, then the series > > (n + 1)a,412" has radius of
convergence R = 7.

Solution: True. The derivative of > ° jana™ is Y - (n+ 1)an412", and the radius of convergence
of the derivative is the same.

The harmonic series is conditionally convergent.

Solution: False. The alternating harmonic series is conditionally convergent.

y" + 322y — 41n(x)y = 22 is a linear differential equation.

Solution: True. This is of the form p(z)y” + q(z)y’ + r(x)y = g(z).

oo

1 1
-1/3 _ _ _ _1/3\n
(1+ ) _(1”)1/3_1”1/3_2( a3,

n=0

Solution: False. This is in fact a binomial series with £k = —1/3.

2 2
: cos“n 1 : o0 cos’n
Since Tz < nZ for all n > 1, the series E n=1 nZ converges.

Solution: True. These series are both positive, and the direct comparison test holds.

[sin(l — z)dx = —cos(1 —z) + C.
Solution: False. The substitution © = 1—2x means du = —dz, so the solution is cos(1 —x)+C' (positive
sign).

o Coﬁ converges by the alternating series test.

Solution: False. cosn is not strictly alternating. The alternating series test only works for terms like
(=)™, (=1)"FL ete.

1 1 1

Solution: True. This is the complete-the-square formula.
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70.

71.

72.
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74.

75.

76.
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78.

79.

1+2+43+44---+99+100+ >, 1 is convergent.
Solution: True. > -

el # is convergent, and adding a finite number of terms makes no difference.

y' = zy + x is a separable differential equation.

Solution: True. This can be re-written as y' = z(y + 1).

A boundary-value problem always has a solution.

Solution: False. A boundary-value problem can have no solution.

ZOC 11 )y _3
n=2 \ n+1 n—1/, 2°

Solution: True. This is a telescoping series and the only terms that don’t cancel are —1 and —1/2.

If > ay is convergent, then Y (—1)"a, is convergent.

Solution: False. This doesn’t work with a,, = (—1)"%. This statement is true if a, is always positive.

For the differential equation ¢’ + 2xy = 3z, one possible integrating factor is I(x) = e’

Solution: True. The integrating factor is I(z) = e/ 2%,

cos (arctan (f)) = M
2/)) 2

2

Solution: False. The numerator and denominator are flipped: should be =7

The series Y -, n?e~" converges by the Integral Test.

Solution: True. This satisfies all three conditions for the Integral Test (continuous, positive, eventually
decreasing) and the integral converges.

The integral [ 22e*” dz is impossible to evaluate exactly.

Solution: False. u = 2 is a valid substitution. On the other hand, the integral Ik e dx is impossible
to evaluate exactly.

The arc length of y = 1023 from = 1 to 2 = 2 is given by ff V1 + 3022 dx.
Solution: False. Don’t forget to square the derivative. The arc length is f12 V1 + 900z dzx.

If the radius of convergence of Y~ jana™ is R = 2, then the interval of convergence is (-2, 2).

Solution: False. The endpoints could be included in the interval.
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80. If you approximate fol e*” dz with the Trapezoidal Rule with 2 subdivisions, you get Tp = 11424 +e) ~
1.57. Therefore, fol e dx > 1.4.

Solution: True. Applying the Trapezoidal Rule error bound, the remainder is bounded by e¢/16 ~ 0.17,
so the true value of the integral cannot be smaller than 75 — 0.17 &~ 1.57 — 0.17 = 1.4. The true value
is actually around 1.46.

81. The initial-value problem 3" = ,/y, y(0) = 0 has only one solution: y = 0.

Solution: False. y = % is also a solution.

n=1

82. Yo7 (—1)ntlem < 1

Solution: True. By the Alternating Series Estimation Theorem with n = 1, the sum cannot be larger
than the absolute value of the first term.



